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Abstract—A major challenge in computed tomography imaging regions. Regularization with more sophisticated analggis
is to obtain high-quality images from low-dose measurements. erators, such as shearlets, has been shown to better greserv

Key to this goal are computationally efficient reconstruction molex textur he expen f performan n uniform
algorithms combined with detailed signal models. We show that fe(})gi(?ni [2]8 ture at the expense of performance on unifo

the recently introduced adaptive sparsifying transform (AST) sg-
nal model provides superior reconstructions from low-dose data ) )
at significantly lower cost than competing dictionary learning Recent years have shown the promise of signal models that

methods. We further accelerate this technique for tomography are directly adapted to the signal of interest. A popular ap-
by utilizing the Linearized Alternating Direction Method of proach is to represent small, overlapping patches of thgéma

Multipliers (L-ADMM) to remove the need to solve an expensive the Ii binati faf | f a dicti
least-squares problem that requires computing multiple forward as the linear combination of a few columns orf a dictionary.

and backward projections. Numerical experiments on data from Many algorithms have been proposed to fit a dictionary to

clinical CT images show that adaptive sparsifying transform reg- a given set of data. Algorithms that jointly learn a dictiona

ularization outperforms total-variation and dictionary learning  while reconstructing the image have been shown to outperfor

methods, and combining our regularizer with L-ADMM provides 4 itional regularization techniques in both low-dosg48d

for faster reconstructions than standard ADMM. . )
limited-data tomography [4]. More recently, algorithms/éa
been developed to adaptively learn analysis operatorsdbase

I. INTRODUCTION on manifold methods [5], variable-splitting methods [6hda

The increased use of x-ray computed tomography (CT) fRodifications of dictionary learning algorithms [7].
medical imaging has been accompanied by increased concerns
about the x-ray exposure to the patient population. Thetgbil Unfortunately, both synthesis and analysis learning algo-
to reconstruct high quality images from low-dose data h&éhms scale poorly with data size and are prohibitivelyexp
therefore become a central problem in CT. Advances in image for practical tomographic reconstruction. An altére
reconstruction algorithms are key to achieving this goal- USignal model is to assume that our signal satisfies= z +e,
like the standard filtered backprojection (FBP) algoritliter- Wherez is sparse and is small. This is called thé&ansform
ative reconstruction algorithms incorporate detailed el@af Modeland stipulates that should be approximately sparse
data acquisition, noise statistics, and the signal to reicoct. When acted on by the matri® € R***, which we call a
These algorithms are commonly developed as the solutionSearsifying transform. Algorithms have been proposedaene

the penalized weighted-least squares (PWLS) problem [1] sParsifying transforms directly from data [8], [9]. Allomg a
small deviation from exact sparsity facilitates transfdearn-

1 . . . .
mrin §|Iy — Ax||} + M (). (1) ing algorithms that are much faster than competing syrghesi
. B o ) o dictionary and analysis operator learning algorithms. piive
The first term represents a statistically weighted fideligam gparsifying transforms have been shown to be effective in MR
sure between the data vectpre R, containing the log of aconstruction from sparsely sampled data [10].
recieved photon counts, and the reprojected imdge The
diagonal Weighting.matrixW consists qf statistiqal vyeights In this paper, we show that adaptive sparsifying transform
w; and can be motivated as a quadratic approximation {0 {)esTy regularization outperforms both TV and synthesis dic
negative log-likelihood of the image given the photon csuntijonary methods for low-dose CT imaging, while operating
The regularization functional/ : R™ — R improves 5; 5 speed rivaling that of TV [11]. Our algorithms use
the conditioning of (1) and encourages solutions that obgye Alternating Direction Method of Multipliers (ADMM) to
a prescribed signal model. Signal models based on spagsyide a computationally efficient solution to the reswtbp-
representations have shown to be effective for both lovedogyization problem. The computational cost of the algarith
and limited data tomography. These models have classicgllyjominated by solving an unweighted least squares problem
been instances adnalysissparsity, in WhIC.h the image be‘that requires many applications dfand A”. We propose the
comes sparse when acted on by a fixed linear transformatify of the Linearized ADMM algorithm to circumvent this
called an analysis operator. Many regularizers, such @ 0fgast-squares problem and further accelerate AST-régethr
variation, promote images that are sparse under finiterdiffg,yographic reconstruction. Numerical experiments ane pe
encing operators and are thus piecewise constant. This typgneq using reprojected clinical images. The results show
of regularization can replace complex texture by flat, patchnat AST regularization outperforms dictionary learningla
This work was supported in part by the National Science Fatiod (NSF) total Va”at_'on methods ar?d that L'ne?‘r'ze_d ADMM provides
under grants CCF-1018660 and CCF-1320953. an appreciable decrease in computation time.



[I. ALGORITHM optimization problem results in an algorithm consistingho#

. . . following update steps:
Our goal is to reconstruct our imagee R from noisy gup P

projection datay € RM while simultaneously learning a

A 7
K+1 a2 12 ~ k__ kA2
sparsifying transformb that acts onvk x vk patches ofz. * ~ — 285 Z”@Eﬂm zjll2 + 2 =" — Azl
J

We accomplish this by solving )
1 A .1

miy gl = Acly + 530 - xlE = argmin [y — ulffy + Sluf — o — Az} (©)

J L e L S P 7

+ A (71250 + a(|@]} — log det ®)) , = 7). @

where), v anda are positive scalar parameters, dpg|| is These subpro_blems are solved in an alternating fashion.
the ¢, quasinorm that counts the number of nonzero elemergdPpProblem (6) is solved as

in z;. The matrix E; € R¥*N extracts thejth vk x vk k1 _ “1 k1 |k

vectJorized patch anjd removes its mean. Tjhe second term in (W p) = (Wy & (A" +0)), ®
(P1) penalizes the sparsification error of patches fraiwhile  which is computationally inexpensive &E + . is diagonal.

the third term encourages sparsity in the The final two Similarly, (7) requires only vector additions and is cheap.
terms ensure that the learned transform is both non-singulaThe bulk of computation occurs during the solution of
and well conditioned. The minimization problef¥1) can be subproblem (5). This is an unweighted least-squares proble
viewed as a PWLS problem where the regularizer is itself thgd is amenable to Fourier-based preconditioners. However

solution of a minimization problem. ~even when an efficient preconditioner is used, the solutfon o
We solve (P1) using an alternating minimization algorithnis) requires many products witd and A” and thus remains
With 2 and thez; fixed, we updateb by solving computationally expensive.

1 ) ) ) We propose to accelerate this step by using the Linearized
oM = al"g;HHlZH‘I’Eﬂ = zjll2 + a([[®[|7 +logdet @), ADMM (L-ADMM) approach. This technique has been devel-
J oped under many names and in multiple contexts; see [15] and

(2) - . X : o
which can be solved in closed-form [12], requiring only threthe re_ferences within. We begin by introducing a new inertia
term into thez-update subproblem (5):

products ofk x N and N x k matrices and one Cholesky

decomposition and one SVD df x k matrices. Typically ., A 9o My k& 9 512

k << N and so the solution of (2) is cheap. T T Ay ZH@EJ‘”J_ZJ’”2+§H“ =1 = Az[la+ |z —2"[|g
With = and @ fixed, we update each; by solving J 9)

1 where ) is a positive-definite matrix that can be chosen to
= argminyl|z; o + 5| ®Ejz — zl3- (3) improve the conditioning of this least squares problem. In
“ particular, we take) = 61 — uAT A and the updated image
The solution of (3) is given in closed form by setting tdas now given by the solution of
zero all entries with magnitude less thgsty, an operation - S . _— . .
known ashard thresholding We will write this update as Gz"' =AY E[ @z + 62" 4+ pA” (u¥ — n* — Az*)
Zj = 7—7 ((I)Ej.’L') J
In practice, we ensure thdt is a good transform for the A (10).
o . whereG £ A\ ET®T®FE; + §1. We have used the matrix
current image by alternating between updatihgind thez; 0 to eliminate tjhe]influence ofT A from the HessiarG
a few times before proceeding to the image update phase. . "
The image update phase begins by fixibgand thez;. The spluuon of (10) depgnds on the boundary c.ond|t|ons
Then, (P1) reduces to the weighted least squares problem.present n the. patch gxtracﬂon operat;ﬂ,_s As 'the region of
interest in CT images is surrounded by air, which provides ze
attenuation, we are free to extract patches that wrap around
the image boundary without incurring distortion. In thisea
the quantityy~, E] ®" ®F; + 41 is circularly shift-invariant
Owing to the size of4, direct inversion is impossible andand can be diagonalized using a 2D DFT. During the image
we must resort to iterative methods. The large dynamic rangpdate phased is held constant, so this diagonalization can
in W causes the Hessiat' WA+ )" ET®"®E;W to be be computed and stored. The solution of (10) can be computed
poorly conditioned and many iterations are required, witie in closed form and only requires a product withand A”
placement ofi” makes this problem highly shift-variant andas well as a 2D FFT/IFFT pair. This represents a significant
prohibits the use of efficient Fourier preconditioners [13] improvement over the multiple products with” A that are
Ramani & Fessler [14] proposed the use ADMM to mitigateequired to solve (5) using the conjugate gradient methade N
these problems by introducing an auxiliary variable RY. that as we do not solve a least squares problem, we do not need
The constraint: = Az is used to split the data fidelity termto preconditionA” A. This may prove especially beneficial for
and separate the projection operatérfrom the statistical high angle cone beam CT and other geometries where circulant
weighting matrixi¥. Applying ADMM to the new constrained preconditioners are less effective.

k+1
Zj

1
2"t = arg min §||y — Az|3 + A E |®E;x — z|5. (4)
@ j



Algorithm 1 L-AST-CT solved using orthogonal matching pursuit from the efficient

INPUT: Initial transform®, observed datg SPAMS ! toolbox, and the dictionary update is performed
OUTPUT: Reconstructed image , using K-SVD. We use ADMM to separaté and A. In both

;f i(?tl It?lliig(s;)]g power iteration oml” A TV-CT and DL-CT, we do not linearize the-update step, but

3 20 T, (0F;2°) Vj instead use a circulant preconditioner to improve the réte o
4: repeat convergence.

5 repeat The parameters\ and v were determined empirically by

6 Update® by solving (2) sweeping over a large range of values and choosing the
16 25 < Ty (BE;2) Vj parameter that corresponded to the lowest RMSE. For L-AST-
8:  until Halting condition

9 O diagonalization of\ Y, ET &T®E; + 61 CT and DL-CT, the_ ADMM parameter was chosen to ensure

100 i 0 w0« AzF, o 0 that the Hessian is well-conditioned, and for TV-CT it was

11:  repeat chosen according to the strategy in [14]. The dictionary for

12: ¢ < FFT2 [A >, EF o7 2+ DL—QT is _of .size 64 x 121 and is .in_itialized with a DCT
5a* + pAT (uF —n* — Az®)] matrix, while in L-AST-CT the sparsifying transformd x 64

13 #+1 . TFFT9 [é—lg] a_nd |n|t|<'_;1l|zed Wl_th a separab_le approximation to the _flnlte
.- . ie1 L differencing matrix. Both algorithms usex 8 patches with

14: u = (W pud) ™ (Wy 4 p(AZH 4 0%)) maximal overlap.

15: v ot — (u’Jrl — A:EZH) | h £ f th lqorith

16: i i1 We evaluate the performance of the algorithm on data

17:  until Halting condition formed by reprojecting &12 x 512 pixel clinical-dose CT

18: gt gt image of a human abdomen. The clinical data consists of

19: until Halting condition overlapping0.9mm slices with 0.45mm overlap. The slices

have noise standard deviation of 21 HU, as measured over a
flat region in the liver. We form a ground truth imageby
The parameted must be chosen to mak& — pA”A averaging together 5 consecutive slices of the clinicah.dat
positive definite, so we require that > ul|ATAl|;. We This reduces streaking present in aotr We form clinical
estimate this lower bound by performing power iteration odose data by taking thé-th detector measurement to be
AT A, and we takes to be slightly larger than this estimate. yx = —log(P(Io exp —[AZ]x)/Io), where P(t) represents a
Note that the update (10) can alternatively be derived #3pisson random variable with meanSetting/, to 2.0 x 10°
linearizing the Augmented Lagrangian term in (5) about tH@sults in a noise level that matches that of the originaksli
point z* and adding additional quadratic regularization. W&/e synthesize low-dose data by takifig= 5 x 10° which
choose to use th€-norm notation as it clearly shows thecorresponds to dose reduction by a factoriof
required lower bound fod. The overall algorithm, which we The TV-CT algorithm was run for300 iterations. For
call L-AST-CT, is presented as Algorithm 1. We initializeeth DL-CT, each outer-loop iteration consists of five dictionar
algorithm by takingz® to be a Hamming-weighted FBP ofand sparse code updates followed by updating the image by
the datay. Our initial sparsifying transform is a separablgerforming10 ADMM iterations. For L-AST-CT, the outer-

approximation of the 2D finite differencing matrix. loop consists ofl0 sparsifying transform and sparse code
updates followed by updating the image with a minimun3®f
I1l. EXPERIMENTS L-ADMM iterations. In both cases, we repeat the ADMM/L-

DMM steps until the cost function has decreased. We use a

The algorithm was |mplemented. using NumPy 1.8 ang, of 3 outer-loop iterations for L-AST-CT and DL-CT.
SciPy 0.13 on a computer containing an Intel i5-2520m Figure 1 show the images reconstructed with each al-

processor with two cores and 6GB of RAM. The prOJECtIOBorithm and the magnitude of the difference between the

operator A simulates the central slice of the GE Light- : _
speed geometry, withss detector bins and84 projections reconstructed images artl FBP suffers from the expected

oo reakin havior he r ion in . The TV-CT
spaced between and 360°. Forward and back prOJecuonsSt eaking behavior due to the reductio dose © ¢

were performed using a multithreaded C implementation refconstruction shows no streaking artifacts, but has patch
P 9 P 8rtifacts in textured areas such as the bone. Reconstngctio

tmhztgr:ztjmig.'d”tven p(;olgectlc()r a_nd tbackprOJector to ENSUr,ith adaptive regularization show low error in both the bone
projector and backprojector pair. nd soft tissue. We see that L-AST-CT outperforms DL-CT in
Our error metric is the root mean square error (RMSE}, . 0 regions.
defined forz € RY as RMSE = (/327" (#x —#)2/N,  Table Il illustrates the amount of time spent on updating
where z;; is the k-th index of z and z is the ground truth the signal models in single outer-loop iteration of DL-CTdan
image. We compare the performance of AST-CT to Hamming=AST-CT. Even with the highly efficient multithreaded C
weighted FBP reconstruction and two iterative reconsipact jmplementations provided by SPAMS, the dictionary leagnin
algorithms. The first uses total-variation regularizatthe Steps are Signiﬁcanﬂy more expensive than the Sparsifying
use ADMM to split the non-differentiable regularizationt® transform updates. As an alternative benchmark, the time to
and refer to this algorithm as TV-CT. The second, whicherform 10 ADMM image update iterations in DL-CT is
we call DL-CT, uses a regularizer of the formi(z) =
minp q; > ;|| Bz — Da;l|3 + v|la;llo. The update fora is Lavailable: http://spams-devel.gforge.inria.fr/
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Fig. 1: Left column: Reconstruction from low-dose projections.
Right column: Magnitude of error between reconstruction and
From top to bottom: FBP, TV-CT, DL-CT, L-AST-CT. All units in
HU

TABLE |: RMSE in HU of reconstructions from low-dose data.

(3]

(4]

Clinical Low
dose FBP| dose FBP| L-AST-CT | DL-CT | TV-CT [5]
RMSE 19 33 16 18 18

85 seconds. This shows that the use of dictionary Iearninﬁ’]
regularization has nearly tripled the reconstruction timbkile
the overhead incurred by AST regularization is negligible.
We next evaluate the influence of the linearizedipdate
step. We initialized® to be a separable finite differencing [g
matrix and calculated the resultingg. We then fixed these
variables and rar000 iterations of the usual ADMM algo- o]
rithm to solve (4). The resulting image is denotetl We
then solved (4) using ADMM and L-ADMM and evaluatel10]
the distance from convergence as the RMSE betweéeand
x*. For ADMM, the least squares problem is solved by C@E1j
with a circulant preconditioner to the Hessian to acceterat
convergence. Figure 2 shows the rate of convergence of bb
ADMM and L-ADMM. The quantity ¢ illustrates the RMSE
of the ADMM reconstruction after performing the minimuni13]
10 iterations. These results show that while L-ADMM reqgsire
more iterations to reach the valegit does so in roughly half [14]
the time as ADMM.

(7]
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